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Math 150

NUMBER THEORY (Exercises)

1.
Determine if each of the following is true or false.  If false, explain why.


a.
5 is a factor of 40


b.
5 is a divisor of 40


c.
5( 40


d.
40 is divisible by 5

e.
40 is a multiple of 5

f.
5 is a multiple of 40

2.
Without using a calculator, test each of the following numbers for divisibility by 2, 3, 4, 5, 6, 7, 8, 9, 10, 11:


a.
746,988


b.
81,342


c.
15,810


d.
4,201,012


e.
1,001

f. 
10,001

3.
Classify each of the following as true or false.  If false, give an explanation.


a.
If every digit of a number is divisible by 3, the number is divisible by 3.


b.
If a number is divisible by 3, then every digit of the number is divisible by 3.


c.
If a number is divisible by 6, then it is divisible by 2 and by 3.


d.
If a number is divisible by 2 and by 3, then it is divisible by 6.


e.
If a number is divisible by 2 and by 4, then it is divisible by 8.


f.
If a number is divisible by 8, then it is divisible by 2 and by 4.

4.
Fill each of the following blanks with the greatest digit that makes the statement true.


a.
3( 94_


b.
9( 173_45


c.
8( 239_76
5.
Classify each of the following as true or false.  If false, give a counterexample.  Assume a, b, c, and d are positive integers.


a.
If d( (a + b), then d( a and d( b.


b.
If d( (a + b), then d( a or d( b.


c.
If d( ab, then d( a or d( b.


d.
If ab( c,  then a( c and b( c.


e.
If a( b and b( a, then a = b


f.
If d( a and d( b, then d( (ax + by) for any integers x and y.


g.
If d( a2, then d( a.


h.
If a( b and a( c, then (a + b)( c.


i.
If a( bc, then a( b and a( c.


j.
If a    b and a    c, then a    bc


k.
If a    b and a    c, then a    (b + c)


l.
If a    b, then a    b2.
6.
Answer yes or no for each of the following and explain your answer.


a.
Is 
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235

××

 a factor of
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?


b.
Is 
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 a factor of
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?


c.
Does 
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 divide
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?


d.
Is 
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 a multiple of
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?

7.
Find the least positive number that is divisible by five primes.

8.
Determine which of the following numbers are primes?


a.
57


b.
149


c.
83

d.
87


e.
67


f.
737


g.
411


h.
91


i.
1003


j.
109


k.
119


l.
463

9.
What is the greatest number you need to consider to test whether 5669 is prime?

10.
Write the following in prime factorization and state the number of divisors:


a.
54


b.
120


c.
141


d.
162


e.
592


f.
612


g.
144


h.
256


i.
504


j.
2475


k.
11,250

11.
a.
When the U.S. flag had 48 stars, the stars formed a 6 x 8 rectangular array.  In what

other rectangle arrays could they have been arranged?


b.
How many rectangular arrays of stars could there be if there were only 47 states?

12.
Suppose the 435 members of the House of Representatives are placed on committees consisting of more than 2 members but fewer than 30 members.  Each committee is to have an equal number of members and each member is to be on only committee.

a.
What size committees are possible?


b.
How many committees are there of each size?

13.
Mr. Smith wants to set out trees in a rectangular array.  For each of the following number of trees, find all possible numbers of rows if each row is to have the same number of trees


a.
36


b.
28


c.
17


d.
144

14.
Find the least number divisible by each natural number less than or equal to 12.

15.
Some of the divisors of a locker number are 2, 5, and 9.  If there are exactly nine additional divisors, what is the locker number?

16.
Find the greatest 4-digit number that has exactly three factors.

17.
If 42 (n, what other positive numbers divide n?

18.
The prime numbers 11 and 13 are called twin primes because they differ by 2.  Find all twin primes less than 200.

19.
A prime such as 7331 is a superprime because any integers obtained by deleting digits from the right of 7331 are prime; for example, 733, 73 and 7.

a.
For a number to be superprime, what digit cannot appear in the number?


b.
Of the digits that can appear in a superprime, what digit cannot be the left-most digit?


c.
Find all of the two-digit superprimes.


d.
Find a three digit-superprime.

20.
A number is a perfect number if the sum of its factors (other than the number itself) is equal to the number.  For example, 6 is a perfect number because its factors sum to 6, that is 


1 + 2 + 3 = 6.  An abundant number has factors whose sum is greater than the number itself.  A deficient number is a number with factors whose sum is less than the number itself.  


Classify each of the following numbers as perfect (P), abundant (A), or deficient (D).


a.
12

b.
14

c.
28


d.
30

e.
50

f.
72


g.
226

h.
300

i.
496
21.
Can a prime number ever be perfect?  Deficient?  Abundant?

22.
Find the GCD and LCM for each of the following:

a.
18 and 10


b.
24 and 36


c.
132 and 504


d.
57 and 90


e.
108 and 360


f.
11 and 19


g.
105 and 30


h.
15 and 21


i.
66 and 90


j.
60 and 108


k.
16 and 42


l.
10 and 9


m.
252 and 96


n.
65 and 1610 


o.
220 and 2924

23.
Find the GCD using the Euclidean algorithm:


a.
108 and 360


b.
65 and 1610


c.
220 and 2924


d.
14,595 and 10,856
e.
122,368 and 123,152
24.
Find the LCD for each of the pairs of the following pairs of numbers using the results obtained in problem #23.  


a.
108 and 360


b.
65 and 1610


c.
220 and 2924


d.
14,595 and 10,856
e.
122,368 and 123,152

25.
Find the GCD and LCM for each of the following:


a.
24, 30, 42


b.
26, 36, 39


c.
4600, 224, 228

d.
45, 36, 24


e.
15, 39, 30, 21, 70

f.
42, 96, 104, 18

26.
Use colored rods to find the GCD and LCM of 6 and 10.
27.
a.
Find two different numbers, other than 2, such that their GCF = 2.


b.
Find two different numbers, both greater than 100, such that their GCF = 2.


c.
Find two different numbers, other than 6 such that their GCF = 6.


d.
Find two different numbers, both greater than 100, such that their GCF = 6.

28.
The GCF of two numbers is 18 and the LCM is 630.  What are the two numbers (other than 18 and 630)?

29.
The GCF of 66 and x is 11 and the LCM or 66 and x is 858.  What is x?

30.
The GCF of two numbers is 12 and the LCM is 600.  Both numbers are less than 500.  Find the two numbers.

31.
Classify each of the following as true or false, assuming that a, b, and c are integers.  If the statement is false, give a counterexample.

a.
If a and b are different primes, then GCF(a, b) = 1.


b.
If a and b are relatively prime, then LCM(a, b) = ab


c.
If a and b are different and both even, then GCF(a, b) = 2.


d.
If GCD(a, b) = 2, then a and b are both even.


e.
LCM(a, b)│ab. 

f.
GCD(a, b) < a.


g.
LCM(a, b) > a.
32.
To find GCD(24, 20, 12), it is possible to find GCD(24, 20), which is 4, and then find GCD(4, 12), which is 4.  Use this approach and the Euclidean algorithm to find:

a.
GCD(120, 75, 105)


b.
GCD(34578, 4618, 4619)
33.
The LCM of two numbers is 
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. The GCD of the same two numbers is 
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.  One of the numbers is 
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.  What is the other number?
34.
Assume a and b are natural numbers and answer the following:


a.
If GCD(a, b) = 1, find LCM(a, b).


b.
Find GCD(a, a) and LCM(a, a).


c.
Find GCD(a2, a) and LCM(a2, a).

d.
If a│b, find GCD(a, b) and LCM(a, b).


e.
If a and b are two distinct primes, find GCD(a, b) and LCM(a, b).


f.
What is the relationship between a and b if GCD(a, b) = a?


g.
What is the relationship between a and b if LCM(a, b) = a?

35.
Two people are running around a track in the same direction.  One person does a mile in 4 min., and the second one takes 10 min.  If they start at the same time and same place, how long will it take them to be at this place together if they continue to run?
36.
Forty people are separated into teams, with each team having the same number of people.  Later, 24 more people are distributed equally to the teams, with no one left over.  What is the greatest number of teams possible?

37.
An elementary art teacher has 3 art classes with 21, 35, and 28 students, respectively.  The teacher wants to order some equipment that can be used by equal-sized groups in each class.  What is the largest number of students in a group in each class so that each group has the same number of students?

38.
Before checking with the caterer, a cook cuts a cake into 35 equal pieces and an identical cake into 42 equal pieces. The caterer, however, insists that the cakes be cut exactly alike.  Into how many pieces must each cake now be cut?

39.
Event A happens every 15 min. and event B happens every 18 min.  If both events happen together at 6 pm, when is the next time they will happen together?
40.
Three cars are warming up at a circular race track, all going in the same direction.  Car A goes around the track in 5 min., car B goes around the track in 8 min., and car C in 12 min.  If all 3 cars begin at the same moment, how many minutes will elapse before they are all again at the starting point at the same time?
41.
Jane is planning a card party at which she is expecting 8, 10, or 12 guests.  Because she is unsure of the number of guests but wants to have available an equal number of poker chips

for each guest with none left over, how many poker chips does she need?
42.
When Jill counts the pennies in her bank by 5’s, there are 3 pennies left over.  When she counts them by 3’s, there are 2 left over.  What is the least number of pennies in the bank?

43.
Fifteen pears, 25 apples, and 35 oranges are to be packed in 2 or more baskets.


a.
What is the least number of baskets needed if each basket is to have the same numbers 

of pears, apples, and oranges?


b.
How many pears will be in each basket?  How many apples?  How many oranges?

44.
In Joe’s dorm room, there are three snooze-alarms clocks, each of which is set at a different time.  Clock A goes of every 15 min., clock B goes off every 40 min., and clock C every 1 hour.  If all three clocks go off at 6:00 am, answer the following:

a.
What time will it be when all clocks go off together again after 6 am?


b.
Would the answer to (a) be different if clock B went off every 15 min and clock A went 
off every 40 min?

45.
At the Senior All-Night Party, a money chest contained enough money so that from 1 to 6 winners could share the money equally.  The winners were to be chosen from those still in attendance at 4:00 am; no one who has left early could win.


a.
What is the least amount of money that could be in the nonempty chest?


b.
If there were actually five winners, how much would each receive?


c.
If the prize money was to be given in $2 bills, how many bills were in the chest?

46.
At the Party Store, balloons come in packages of 30, noisemakers in packages of 15, and party hats in packages of 20.  What is the least number of balloons, noisemakers, and hats that can be purchased so that there is an equal number of each?
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