MATH 270: Linear Algebra
m270h05 Vectors and Matrix Equations Page 1 of 2

Given vectors v,,v,,...,v, in R" and given scalars ¢,c,,...,c,, the vector y defined by
y=¢V, +6V, +...+¢,v,
is called a linear combination of the vectors v,,v,,...,v, with weights c,c,,...,c,.

A vector equation za, + z,a, +...+ r,a, = b has the same solution set as the linear system
whose augmented matrix is [al a, .. a, b|.In particular, b can be generated by a linear
combination of a,,a,,...,a, if and only if there is a solution to the linear system corresponding
tola, a, .. a b}.
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If v,,vy,...,;v, in R", then the set of all linear combinations of v,,v,,...,v, is called the subset

of R" spanned (or generated) by v,,v,,...,v, , denoted Span {vl,vz,...,vp}.
That is, a vector b is in Span {Vu v2,...,vp} if b is a linear combination of vectors v,,v,,...,v_.
Consider the vectors u and v in R* such that u is not a multiple of v. Span{v} is the set of

scalar multiples of v, and can be visualized as the set of points in R® on the line through v and

0. Span{u,v} is the plane in R® that contains u, v and 0.

If Ais an m xn matrix with columns a,,...,a, and if x is in R", the product of A and x,
denoted Ax, is the linear combination of the columns of A using the corresponding entries of x

as weights. That is,

Note that Ax is defined only if the number of columns of A equals the number of entries in x.

If Ais an mxn with columns a,,...,a, and if b is in R™, the matrix equation Ax = b has the

same solution as the vector equation z,a, + z,a, +...z,a, = b which has the same solution set

as the linear system whose augmented matrix is |a, ... a, b|.
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Let A be an m xn matrix. The following are logically equivalent. That is, for a particular

matrix A, they are either all true or all false.

For each b in R™, the equation Ax = b has a solution.
Each b in R™ is a linear combination of the columns of A.

The columns of A span R"™.

Ll A

A has a pivot position in every row.



