Math 253

Relative Extrema — The Second Derivative Test

flz,y) = az® + bry + cy

Fi : = 2 2 2
Figure 1: z = 22 4 ¢? Figure 2: z = —(22 + y2) igure 3: z = 5x% +2xy +y

Figure d: z = %+ 2oy-+y” Figure 5: z = 2% —2wy+y? Figure 6: z = %+ 3zy+y° Figure 7: z = 22 — 12
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Relative Extrema

f(z,y)

az® + bry + cy?

a
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Relative Extrema

flz,y)=a ((x+%y>2+ (MZ—Q_QIDZ) y2>

. 2
Figure 8: dac — b2 > 0 Figure 9: dac — b2 =0 Figure 10: dac — b* < 0

Figure 11: dac — b2 > ()
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Recall the Taylor Polynomial of degree 2 centered at (a, b) is given by:

(a0t fo (. )(z—a) g1+ 2D )2

Qx,y) = f(a,b)+f(a,b) (Sﬁ_a)+fy(aa b) (y_b)+fxx(2a, b)

Now suppose (g, o) is a critical point of f(x,y) —so fi(xo,v0) = fy(x0, yo) = 0.
Then the Taylor Polynomial will have the form:

Q) = Flao o) + T2 a2 o) - )y — o) + LIy

... Which is quadratic of the form f(z,y) = az* + bxy + cy® (with a vertical shift).

It follows that near (z, yg) we can write

fmx(xm yO)(

5 —fyy@m ) (y — ?Jo)2

T — $0>2 + fxy(%, Yo)(z — 20)(y — Yo) + 5

flx,y) =~ f(xo,y0) +
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Since f(x,y) is approximated near (zg, yo) by

fxx(x();yO) f (fl?o,y())
5 ny@ —w0)°

We conclude that in the vicinity of (xg, yo), f(z,y) will look like one of the quadric surfaces:

flz,y) = f(zo,90) + (x — mp)* + fay (o, o) (@ — 20)(y — vo) +

. 2
Figure 12: dac — b2 > () Figure 13: dac — b2 =32 Figure 14: dac — b <0

Figure 15: dac — b2 > 0
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b \°> [dac—b?
Recall the quadric form: f(z,y) = a T+ —y| + ac Y2
2a 4da?

flz,y) = f(xo,y0) + fm(il;o, yo)(ﬂf - 330)2 + fxy(ﬂfo, Yo)(x — 20)(y — Yo) + M(y - y0)2
1 1 l
a(z — x0)*+ b(o, yo)(x — z0)(y —vo) +  c(y —y0)”
Then from a = fer (0, Y0) b= fry(T0, 0) and ¢ = M we have

2 7 2
dac — b2 — fa:x(an y())fyy(an yO) o (f:cy(i’foa y0>>2
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4ac — b2 — fxa:(xm y())fyy(x(); yO) o (fa:y(an y0)2>2
Soif D = fix(®0,Y0) fyy(T0, Yo) — (fay(20,v0))” then . ..
fxx(aj()yy()) > 0:

Figure 16: D >0 Figure 17: D=0 Figure 18: D <0

fm:(xmy()) <0:

|
/

=

Figure 19: D > 0
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For a critical point of f(x,y) at (zg, yo),

D = fmx(xOJyO)fyy(:UO’ y0) - (fx?J(xO’yO))Q

fxa: fxy
oy Tuy

If D> 0and f..(zo,y0) > 0 then f(xg,yo) is a local minimum. ‘7

If D> 0and f..(zo,y0) <0 then f(xo, o) is a local maximum. Lx

\ 'l
If D < 0 then there is a saddle at (xg, yo) os there is neither min nor max.

If D = 0 the test is inconclusive. w




