Math 252

Exam 5

Name:

YOU MAY USE A CALCULATOR TO VERIFY SOLUTIONS, BUT NOT TO PROVIDE THEM.

Show all relevant work!

Find the values of k or which y = 2 + k is a solution to the differential equation 2y — zy’ = 10.

Solution:

One of the slope fields below has the equation 3’ =

\

\

}

|

|

!

/

/

/
P
N — S S
VKN~ —— -~

\

S — N
/////////7

NINN NN~ ————

N
N S N —
AN~ ————  —

VRN~

(Y

~—_———————

NN

=
v
v
i
1
11
I
[
[
[

e —— NN
—————  —~~\
S R
St S S A
e ribiras)
/

e — K[
=~

2y —xy =10
2(z? + k) — z(—2x) = 10
222 4 2k — 222 =10
2k = 10
k=5

(z +y)/(z —y). Which one?
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Solution: Note the horizontal slopes along the line y = —z (where z + y = 0).

Water leaks from a vertical cylindrical tank through a small hole in its base at a rate proportional to the square root
of the volume of water remaining. If the tank initially contains 200 liters of water and 20 liters leak out during the

—
o

[ T T O N N
IV VNN IS S S~ ——
Il VUV VAN SRS S S ——————
LV VAANN I SS~——————
Il VAN SN S———————
LT VAN Y NS e e
/701 VANNNS———— -~ -
NN ERE \?> ///// P
NN N—— s
VSV AV VAV AV e AV AV AV
e e et A A L s
N N
It SN\ 177
Lo = NN s
//////// SNNANA L
———————— SyNNvb
——————— RN AR A
\\\\\\\ R AR
______ R AN S S U |
\\\\\\ SNNNANNNA L

first day, when will the tank be half empty? How much water will there be after 4 days?

Solution:

dv

- —k

N VV
dVv

— =kdt
VV

:/kdt

NV =kt+C
VV = kit + G4

V - (klt + 01)2

Half empty:

100 ~ (—0.728t + 14.142)?

10 & (—0.728¢ + 14.142)
—4.142 ~ —0.728t
.71~ t

So after about 6 days.

V(0) = (k1(0) + C1)?
200 = (C1)?
V200 = ¢4
= (klt + \/%)2
V(1) = (k1 (1) + v/200)?
180 = (k1 (1) + v/200)2
V180 = ky + v/200

V180 — v200 = k1 — =~ —0.728

After 4 days:

V = (—0.728(4) + 14.142)?

~ 126.3

126.3 liters remain after 4 days.

~ [(vI80 - va00) 1 + vamo]
~ (—0.728¢ + 14.142)?



Any population, P, for which we can ignore immigration, satisfies the differential equation

dP
T Birth rate — Death rate.

For organisms which need a partner for reproduction but rely on a chance encounter for meeting a mate, the birth
rate is proportional to the square of the population. Thus such an organism satisfies a differential equation of the form

dpP
— =aP?—-bP, a,b>0
dt

dP
The slope field for the equation i aP? —bP, a,b> 0 is shown to the right.

P

(a) Determine the equilibrium solutions to this differential equation.
State whether they are stable or unstable.

Solution:
aP?—bP =0

P(aP—-b)=0
P=0, P=b/a
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The slope field approaches P = 0 so it is a stable equilibrium.
The slope field bends away from P = b/a so it is unstable.

(b) Sketch representative solution curves for the various initial
populations (Py, Py, and P3) shown.
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(c) Describe the behavior of each population curve you sketched in (b)
in terms of the starting population relative to the equilibrium values, its growth rate and its long term outcome.
Explain why P = b/a is called the threshold population.

Solution:

Py is greater than the equilibrium at b/a and grows at an increasing rate without bound. The population
grows indefinitely.

P, is positive but less than the equilibrium value at P = b/a and decreases towards zero. Eventually
this population dies out.

Pj is a negative population so not an accurate model of reality.

For populations smaller than P = b/a the population cannot sustain itself and ultimately dies off. For
populations greater than b/a the population thrives. P = b/a is the minimum population capable of
maintaining itself.

A mass on a spring oscillates with simple harmonic motion (no friction). If its period is 3 seconds, write the differential
equation for this oscillating spring.

Solution: We know that the differential equation for SHO is given by s” 4+ w?s = 0. The solution to

2
this equation is s = Cy cos (wt) + Co sin (wt) = sin (wt + ¢). We are given the period, T = 3 so w = ?ﬂ
472 472
and therefore w? = % It follows: s” + %s =0.



A yam is put in a 200°C oven and heats up at a rate proportional to the difference between the temperature, H, of
the yam at any time, ¢, and the temperature of the oven.

(a) If the yam is at 20°C when it is first put into the oven, write and solve a differential equation for the temperature
of the yam at any time, ¢.

(b) Find k using the fact that after 30 minutes the temperature of the yam is 120°C.

Solution:
(a) dH (b)
o = ~k(H —200) H =200 — 180e "
dH H(30) = 200 — 180e 3%
T 200~ Fdt 120 = 200 — 180e 3%
o —80 = —180e 3%
—kdt
/H—200 / 4 30k
9
In|H —200] = —kt +C 4
In () = —30k
|H — 200 = e~ *t+C )

0.027 ~ k
H—200=Ae " AeR

H =200+ Ae™*

20 = 200 + Ae°
~180=A

H =200 — 180e~**

d
Solve the differential equation z(x + 1)d_u = u? where u(1) =1
x

Solution:
1 _— =
x(zx+1) ik

du _ _dz
u2_$($+1)
(1) = —rz
u(l) = —5+——
@:/L I [3| +Cy
u? (z+1)
1
Ja— 1:7
_1:/1 1 R In2+ C4
1 1=mn2+0C,
1
~=In|z+1| —Injz| + u = !
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